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Abstract
Composite structures in a thermal environment may suffer from buckling fail-
ures due to thermally induced compressive forces, leading to concerns over
their application in environmentally aggressive conditions. This issue is ad-
dressed by proposing a novel approach to the design of tow paths for enhanc-
ing thermal buckling performance, and it can also overcome the problems of
tow gaps and overlapping. A level set function, such as defined by signed
distance function, for representing a series of equidistant tows throughout the
laminate, is adopted here to formulate an optimization problem that seeks to
maximize the buckling load under thermal loading, and the level set values
are thus the design variables. Sensitivities of thermal buckling eigenvalues
with respect to tow paths, i.e. level set values, are derived through the adjoint
method, and they are used to solve the optimization problem through the
Hamilton-Jacobi equation. In this study, numerical examples are presented
to demonstrate the effectiveness of the proposed method, where laminated
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plates made of various materials under different boundary conditions are
considered. Results show that the proposed approach can provide efficient
solutions with enhanced buckling performance.
Keywords: Variable angle tow composite; Thermal buckling; Structural
optimization; Level set method; Fibre path.
1. Introduction1
Laminated composite structures are extensively used in aerospace, ma-2
rine, automotive and, to an increasing extent, construction sectors. In these3
applications, events creating a heat flux (e.g. due to fire, elevated temper-4
ate), and their resulting effects on the structural integrity, are of consider-5
able concern. For instance, it becomes the main barrier to the application6
of GFRP pultruded profiles in building construction due to the sensitivity7
of mechanical properties to elevated temperature and fire (Hollaway, 2010;8
Correia et al., 2015). Extensive efforts have been dedicated to investigating9
changes of thermal and mechanical properties of composites (Gibson et al.,10
2010; Bai and Keller, 2011; Feih and Mouritz, 2012; Aydin, 2016; Lu et al.,11
2016) and structural components (Wang et al., 2011; Hawileh et al., 2015;12
Ashrafi et al., 2017) related to fire and elevated temperatures. In addition to13
these deteriorations in mechanical and thermal properties, thermally induced14
compressive stresses may be developed in constrained structures, leading to15
buckling (Gu and Asaro, 2005; Liu et al., 2006; Mouritz et al., 2009). There-16
fore, the structural performance of composite structures may be governed17
by their mechanical behaviours when exposed to fire or elevated tempera-18
tures. Although ply stacking sequence has been recognised as one of the most19
2
critical parameters to design thermal buckling resistance, e.g (Spallino and20
Thierauf, 2000; Chen et al., 2003; Topal and Uzman, 2008; Kamarian et al.,21
2017), recent manufacturing advances in tow placement techniques provide22
another opportunity, offering variable angle tow (VAT) composite laminates23
that create unique boundary conditions, functionalising local transverse and24
compressive stresses. It is desirable to enhance the performance of FRP25
composite structures in a thermal environment through design optimization.26
Advanced composites have been created to achieve a variety of structural27
performances, including stiffness, strength, dynamic performance, buckling,28
postbuckling, and thermal performance (Sabido et al., 2017). The most cru-29
cial step in the design of VAT composites is to solve an optimization problem30
to find the tow paths that maximise a specific design criterion. Optimization31
methods and techniques have been applied to these complex material systems32
since the pioneering work in (Hyer and Charette, 1991; Gu¨rdal and Olmedo,33
1993). Existing techniques can be broadly categorised into the following six34
types: (1) linear fibre angle variation was used to parametrize fibre paths35
(Gu¨rdal and Olmedo, 1993); (2) geodesic, constant angle, and constant cur-36
vature definitions were used to prescribe fibre paths over a conical shell (Blom37
et al., 2010); (3) various nonlinear fibre path expressions were developed, for38
instance, parabolic fibre paths (Honda et al., 2013), Lagrangian polynomials39
(Wu et al., 2012); (4) implicit function, such as the signed distance based40
level set function, for example, which was adopted to define the fibre path41
in (Brampton et al., 2015). The advantage of these four sets of approaches42
is that only a few design variables are needed and fibre continuity is guar-43
anteed. However, it is achieved at the expense of a limited design space.44
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(5) Apart from the direct parameterization of fibre angle variation, some45
investigators used local design variables at the element or node level. For46
example, Setoodeh et al. (2009) used nodal-based fibre angles as design vari-47
ables. Associating design variables with elements or nodes has the advantage48
of providing the largest possible design space for a given mesh density, while49
the drawback of this approach is that fibre continuity is difficult to impose50
when fibre angles are used as design variables. (6) Lamination parameters51
have been used successfully for variable stiffness designs in the past decades,52
e.g. optimizing fundamental frequency, stiffness, buckling in (Setoodeh et al.,53
2006; Abdalla et al., 2007; Ijsselmuiden et al., 2010). Lamination parame-54
ters allow the local-stiffness properties to be described using a finite set of55
continuous design variables, without requiring explicit knowledge of the fi-56
nal stacking sequence. This reduces the number of required design variables57
needed to describe any given design space without limiting the design space.58
Since the individual fibre angles do not need to be prescribed, the analysis is59
further simplified, as the continuity of ply angles between adjacent elements60
does not have to be explicitly taken into consideration. Postprocessing is61
required to determine the actual fibre angle distribution from a lamination62
parameter-based solution.63
Although the aforementioned optimization techniques have been shown64
to be efficient in providing design solutions with significantly enhanced struc-65
tural performance, an inherent issue is that the fibre paths are not parallel.66
It becomes one of the main sources to gaps or overlaps in tows placed with67
paths obtrained from these design methods (Albazzan et al., 2018). The68
amount of gap/overlap affects structural response, manufacturing time, sur-69
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face quality of the finished product (e.g. unwanted thickness variations), and70
also introduce difficulties to model them in the numerical analysis. The gaps71
and overlaps may be considered as defects. Croft et al. (2011) presented an72
experimental study of the influence of isolated defects on the mechanical re-73
sponse of composite laminates under tension, compression and shear loading.74
Their work suggested that defect parameters and distribution would certainly75
become an important variable to take into account in the prediction of com-76
posite structural performance. These gaps and overlaps can become potential77
zones that contribute to the initiation of matrix cracking or delaminations78
as a result of the local concentration of interlaminar stresses. Simulations by79
Falco´ et al. (2014, 2017) showed how matrix cracking is affected by discon-80
tinuities in the fibre angle between adjacent tow and fibre-free areas arising81
from manufacturing effects; whereas fibre tensile failure is directly influenced82
by the orientation angles of the fibre, whose distribution depends on the83
chosen tow path cutting method: on one side, or on both sides. Recently,84
experimental studies conducted by (Woigk et al., 2018) reached similar ob-85
servations that both compression and tensile strengths have significant re-86
ductions due to the presences of gaps and overlaps. Although the buckling87
behaviour may not be significantly affected by the manufacturing induced88
defects (Marouene et al., 2016), it is still important to minimize the design89
introduced, and consequently manufacturing induced, defects to enhance the90
damage tolerance of composite structures. Whilst the cut and restart capa-91
bilities of automatic fibre placement (AFP) machines enable undesired gaps92
and overlaps to be avoided, this technique can be time consuming since the93
full capability of the machine to propose courses of constant width is not94
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used. Importantly, the cut tows produce many fibre discontinuous, which95
become sources for damage initiation. It, therefore, is not the best solution96
to address the gap or overlap issue, and a good design solution should aim97
to mitigate these.98
Eliminating these defects are increasingly receiving attentions. Bruyneel99
and Zein (2013) proposed an approach based on the Fast Marching Method,100
generating a distance function (or field) by solving the eikonal equation (a101
non-linear differential equation normally encountered in the solution of wave102
propagation problems), and using it as the basis to optimize the fibre path103
(Lemaire et al., 2015). Brampton et al. (2015) also developed an optimization104
approach based on the level set method for the design of structures. However,105
these studies only investigate the potential of VATs for stiffness maximization106
problems. The applicability of this technique for buckling optimization has107
not been explored. In compliance optimization, only the in-plane stiffness108
is designed, while buckling performance is a function of both in-plane and109
bending stiffness properties. Brooks and Martins (2018) recently introduced110
a new method that takes gaps and overlaps as manufacturing constraints in111
the buckling optimization.112
In addition, recent research has shown that VAT composites can signif-113
icantly improve thermal buckling performance. For instance, Abdalla et al.114
(2008) used a heat conduction model to parametrically study the effect of115
’steering’ fibre directions to reduce the maximum temperature experienced116
by the plate, considering thermal expansion as a temperature distribution117
problem. Optimization studies have been published. IJsselmuiden et al.118
(2010) included thermal loads in the optimization of the directions of fibre119
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paths to maximise the buckling performance of composite panels under me-120
chanical loads. Duran et al. (2015) proposed an optimization method to steer121
the fibres of a structure exhibiting critical thermal buckling. Vijayachandran122
et al. (2016) followed up the work of Duran et al. (2015) and improved the123
efficiency of the computational approach, and considered fibre continuity as124
a manufacturability characteristic. Another strategy is to achieve the desir-125
able buckling performance through the design of structural topology, which126
is increasingly received attentions in recent years, e.g. (Zhang et al., 2018;127
Wu et al., 2018; Xia et al., 2011; Dunning et al., 2016).128
In this context, we present a novel approach to design VAT composite129
plates with gap/overlap free solutions. It is achieved by using a level set130
function to implicitly describe fibre tow paths, coupled with the solution of131
an optimization problem achieved through the use of the level set method and132
a gradient-based algorithm. Detailed derivations and formulations for numer-133
ical implementation are given in the following two sections. The first-order134
shear deformation theory, enabling the effects of transverse shear strains with135
sufficient accuracy in the prediction of structural responses for the medium136
thickness composites, is used as the basis of the mathematical model for137
the analysis of laminated VAT composite plates. A key element in the use138
of a gradient-based algorithm, a natural choice for level set method-based139
optimization, is the requirement to compute the sensitivities of objective140
function and constraints with respect to the design variables. Together with141
the analytical descriptions of the fibre tow paths, the sensitivities of buck-142
ling eigenvalues with respect to the level set values are derived. In addition,143
numerical examples are presented to show the effectiveness of the proposed144
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method in achieving the enhancement of thermal buckling performance. The145
study is expected to provide an alternative to the design of VAT composite146
plates in the thermal environment.147
2. Thermo-elastic analysis for VAT composite laminates148
2.1. Implicit description of fibre path149
Let ϕ(x, y) be an arbitrary function to represent fibre path in xy plane
(Fig. 1), the fibre angle at a point (x, y) can be defined as:
θ =

arctan
(
−
∂ϕ(x,y)
∂x
∂ϕ(x,y)
∂y
)
, if ∂ϕ(x,y)
∂y
6= 0
pi
2
, if ∂ϕ(x,y)
∂y
= 0
(1)
where ∂ϕ(x,y)
∂x
and ∂ϕ(x,y)
∂y
are the partial derivatives of ϕ with respect to x150
and y. In the present study, fibre paths are implicitly described by a signed151
distance field, i.e. ϕ(x, y) is a signed distance function. Therefore, iso-value152
curves are used to represent fibre tow paths. To use the level set method153
to evolve the fibre tow paths when solving the optimization problem, the154
front of the fibre tow field is assigned to the tow at locations where ϕ = 0,155
and it is named as the primary fibre path. The other iso-value curves are156
used to define fibre paths at different positions. In this way, the level set157
function describes a series of continuous equally spaced parallel fibre paths158
throughout the laminate.159
2.2. Theoretical formulations for linear buckling analysis160
Consider a symmetric multi-layered composite plate composed of np per-161
fectly boned plies. The plate has length, a, width, b, and total thickness h.162
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The global coordinate system x−y−z is chosen such that x−y plane coincides163
with the mid-plane of the plate as shown in Fig. 1. Assuming the first-order164
shear deformation plate theory as a suitable mathematical model to describe165
the behaviour of medium thickness laminated plates, the displacement field166
takes the form (On˜ate, 2013):167
u(x, y, z) = u0(x, y)− zθx(x, y)
v(x, y, z) = v0(x, y)− zθy(x, y)
w(x, y, z) = w0(x, y) (2)
where u0, v0 and w0 are the displacements of the middle plane (at z = 0); θx168
and θy are the rotations about x and y axes.169
Consistent with Eq. (2), the displacement-strain relations are:170 
εx
εy
γxy
γxz
γyz

=

∂u0
∂x
∂v0
∂x
∂u0
∂y
+ ∂v0
∂x
0
0

+

−z ∂θx
∂x
−z ∂θy
∂y
−z
(
∂θx
∂y
+ ∂θy
∂x
)
∂w0
∂x
− θx
∂w0
∂y
− θy

=
εˆm0
+
−zεˆbεˆs
 = Rεˆ (3)
where εˆ is the generalized strain vector of εˆ = {εˆm, εˆb, εˆs} with171
εˆm =
t[
∂u0
∂x
,
∂v0
∂x
,
∂u0
∂y
+
∂v0
∂x
]
; εˆb =
t[
∂θx
∂x
,
∂θy
∂y
,
(
∂θx
∂y
+
∂θy
∂x
)]
; εˆs =
t[
∂w0
∂x
− θx, ∂w0
∂y
− θy
]
.
denoting the generalized strain vectors due to membrane, bending and trans-
verse shear deformation effects, respectively.
R =
 I3 −zI3 02
0T3 02 I2

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with In and 0n for the n× n unit and zero matrices, respectively.172
Within the global coordinate system depicted in Fig. 1, the linear ther-173
moelastic constitutive relations of the k-th layer with any fibre orientation,174
θ, about the z axis may be expressed as:175
σ(k)p =

σx
σy
τxy

(k)
= D(k)p

εx − αx∆T
εy − αy∆T
γxy − αxy∆T

(k)
σ(k)s =
τxzτyz

(k)
= D(k)s
γxzγyz

(k)
(4)
where D
(k)
p and D
(k)
s are the constitutive matrices that are functions of ma-
terial parameters and the fibre angle, and ∆T is the change in temperature.
αx, αy and αxy are the coefficients of thermal expansion in global coordinates
and are related to material coefficients of thermal expansion, α1 and α2 as,
α =

αx
αy
αxy
 =

cos2 θ sin2 θ
sin2 θ cos2 θ
2 cos θ sin θ −2 cos θ sin θ

α1α2
 . (5)
For a multi-layer laminate, contributions from each layer are integrated.
The constitutive equations relating the force and moment resultants to strains
and curvatures of the reference surface are given in the following form:
σˆ =
∫ h/2
−h/2

σ
(k)
p
−zσ(k)p
σ
(k)
s
 dz. (6)
Substituting Eqs. (3) and (4) into Eq. (6), the force and moment resultants
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can be written in matrix form as:
σˆ = Dˆ (εˆ− αˆ∆T ) = σˆM − σˆT (7)
with176
σˆM =

N
M
Q
 =

Dˆm Dˆmb 0
Dˆmb Dˆb 0
0 0 Dˆs


εˆm
εˆb
εˆs

σˆT =

NT
MT
QT
 =

Dˆm Dˆmb 0
Dˆmb Dˆb 0
0 0 Dˆs


α
0
0
∆T (8)
where Dˆm =
∑
tkD
(k)
p , Dˆmb =
∑−tkz¯kD(k)p , Dˆb = ∑ 13 (z3k+1 − z3k)D(k)p ,177
and Dˆs =
∑
tkD
(k)
s with tk = zk+1 − zk and z¯k = 12 (zk+1 − zk).178
The total potential energy, Π, of the plate for a buckling problem, which
considers the loss of stability due to lateral displacements, including nonlinear
strains effects, is written as:
Π = U + V (9)
where U is the strain energy related to linear part of strain tensor. V rep-179
resents the work done by the in-plane forces during lateral deflections, and180
is, therefore, related to the nonlinear part of the strain energy. It is noted181
that membrane and bending energies are exchanged with no external force182
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at buckling. U and V are, therefore,183
U =
1
2
∫ ∫ {εˆTm εˆTb }
 Dˆm Dˆmb
Dˆmb Dˆb
εˆmεˆb
+ εˆTs Dˆsεˆs
 dA
−∆T
∫ ∫ {εˆTm εˆTb }
 Dˆm
Dˆmb
 αˆ
 dA (10)
V =
1
2
∫ ∫ [
∂w
∂x
∂w
∂y
]Nx Nxy
Nxy Ny
∂w∂x
∂w
∂y
 dA (11)
where Nx, Ny, and Nxy are the in-plane stress resultants in {N +NT}.184
2.3. Finite element implementation185
In the finite element context, the displacements are approximated by
using the appropriate shape function together with nodal displacement field.
Substituting them into a weak form of the buckling problem in Eq. (9), the
following matrix form of the buckling problem is found in (see e.g. Ferreira
(2009)) :
(K− λKg)V = 0 (12)
whereV = {v1, · · · ,vn} is the right-hand eigenvector corresponding to eigen-
values of λ = {λ1, · · · , λn} with n for the total number of eigenmodes, K is
the global stiffness matrix, and Kg is the global geometric stiffness matrix,
which is obtained from assembling stress responses in the structure after solv-
ing the linear elastic analysis or prebuckling analysis as given in Eq. (13).
Detailed formulation on the assembly of Kg is given in Eq. (21).
Ku = F T (13)
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where F T is the force vector due to the temperature change, and u is the186
displacement vector. It should be noted that material properties are not187
considered as a function of temperature in the present study, such that K is188
independent of the change of temperature ∆T . Four-node quadrilateral plate189
elements, with five degrees of freedom per node, including three translations190
u, v, w and two rotations θx, θy as given in Eq. (2), are adopted here. In191
general, a prebuckling analysis is conducted first to determine the structural192
responses as a function of a temperature change. The resulting membrane193
forces are used to assemble Kg, and the eigenvalue problem in Eq. (12) is194
solved with ARPACK (Lehoucq et al., 1998a). In the present study, it is195
implemented within an in-house C++ code.196
When discretizing the plate, multiple fibres may be present in an element
(see Figure 2). In the present study, the fibre angle for each fibre in the
element is assumed to be the same, i.e. having constant fibre orientation
inside an element. Each element’s angle is treated as a design variable re-
sulting in some mesh dependency as the tow paths are curved. In practice,
it means that the design from a coarse mesh can be different from the one
with finer mesh, requiring mesh convergence as with any finite element sim-
ulation. Here, the angle at the centre of the element will be used. With the
discretized signed distance field denoted as ϕ, its value at an arbitrary point,
(x, y) in the element is expressed as:
ϕ(x, y) =
nd∑
i=1
ϕiNi (14)
where N is the shape function, ϕi is the signed distance value at the i-th
node, and nd is the number of nodes in the element. The fibre angles at
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different parts of the element are potentially different, since an element may
contain multiple tows, and the tows may also be curved. It is also the reason
that the assumption of element angle represented by the angle at the centre
is imposed. Following Eq. (1), the element fibre angle in the discretized form
is written as:
θ =

arctan
(
−
∑nd
i=1 ϕi
∂Ni
∂x∑nd
i=1 ϕi
∂Ni
∂y
)
, if
∑nd
i=1 ϕi
∂Ni
∂y
6= 0
pi
2
, if
∑nd
i=1 ϕi
∂Ni
∂x
= 0
(15)
where ∂Ni
∂x
and ∂Ni
∂y
are the partial derivatives of the shape function Ni.197
Combining the standard finite element formulation procedure with the198
first-order shear deformation lamination theory, the global stiffness matrix,199
K, is written as:200
K =
ne∑
e=1
ke =
ne∑
e=1
∫ ∫
A(e)
[
np∑
k=1
∫
h
(
tB tLekDkLekB
)
dz
]
dA (16)
where the superscript t denotes a vector or matrix transposition; ke is the
element stiffness matrix; B is the strain-displacement transformation matrix;
ne and np are the numbers of elements and plies, respectively; Dk is the
constitutive matrix of the k-th ply given by:
Dk =

tkC1k −tkz¯kC1k 0
−tkz¯kC1k 13
(
z3k+1 − z3k
)
C1k 0
0 0 κC2k
 (17)
where κ is the shear correction factor to eliminate the constant transverse201
shear stress assumption in the first-order shear plate theory, 5
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used here;202
C1k and C2k are the in-plane constitutive and out-plane shear constitutive203
matrices of the k-th ply.204
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Lek is the coordinate transformation matrix for the contribution from the
k-th ply to the e-th element. It is expressed as:
Lek =

T1ek 0 0
0 T1ek 0
0 0 T2ek
 (18)
with205
T1ek =

cos2 θek sin
2 θek sin θek cos θek
sin2 θek cos
2 θek − sin θek cos θek
−2 sin θek cos θek 2 sin θek cos θek cos2 θek − sin2 θek
 ,
T2ek =
 cos θek − sin θek
− sin θek cos θek
 (19)
where θek is the corresponding fibre tow orientation (see Figure 2).206
F T =
ne∑
e=1
f e =
ne∑
e=1
∫ ∫
A(e)
tBσˆTdA (20)
With definitions for K and F T , the interim structural response, u, may be
computed and used to assemble the geometric stiffness matrix Kg, consisting
of contributions from both bending, Kgb, and shear, Kgs. Following the
notations in (Ferreira, 2009; Zhou and Gosling, 2018), it is written as:
Kg = Kgb +Kgs =
ne∑
e=1
(kgbe + kgse) (21)
with207
kgbe =
∫ ∫
A(e)
(
tBgb1SeBgb1 +
tBgb2SeBgb2 +
tBgb3SeBgb3
)
dA
kgse =
∫ ∫
A(e)
(
tBgs1SeBgs1 +
tBgs2SeBgs2
)
dA (22)
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where B(·)s are the strain-displacement matrices for geometric stiffness ma-208
trix, and for a give node i:209
Bgb1i =
∂Ni∂x 0 0 0 0
∂Ni
∂y
0 0 0 0
 ,
Bgb2i =
0 ∂Ni∂x 0 0 0
0 ∂Ni
∂y
0 0 0
 ,
Bgb3i =
0 0 ∂Ni∂x 0 0
0 0 ∂Ni
∂y
0 0
 (23)
and210
Bgs1i =
0 0 0 ∂Ni∂x 0
0 0 0 ∂Ni
∂y
0
 ,
Bgs2i =
0 0 0 0 ∂Ni∂x
0 0 0 0 ∂Ni
∂y
 . (24)
Se is the transformed (e.g. vector to matrix form) in-plane stress resultant
matrix in the e-th element, written as:
Se =
Nx Nxy
Nxy Ny
 . (25)
It is assembled from the in-plane stress resultants, which are themselves211
obtained from the prebuckling analysis of the structure subjected to, in the212
case of the present study, to a change of temperature.213
3. Thermal buckling optimization214
The design goal is defined as a general optimization problem, and seeks215
to determine ϕ which maximizes the temperature that causes the laminate216
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to buckle. Mathematically, the aim is to maximize the lowest eigenvalue in217
the temperature induced problem in Eq. (12). The optimization problem218
can be expressed as,219
Maximize: λ (26)
subject to: (K− λKg)v = 0
Ku = F T
−90◦ ≤ θ(ϕ) ≤ 90◦
In general, the basic idea for the above optimization is to push the lowest220
eigenvalue towards the second lowest one. As the other eigenmodes’ infor-221
mation is not taken into accounted, it usually ends up with having repeat222
eigenvalues or experiencing mode switching. This may slow down the con-223
vergence or require a large number of iterations to reach the final solution,224
which may also be a suboptimal. Dealing with the mode switching or repeat225
eigenvalue’s issue, it is a critical issue in the optimization with the buck-226
ling measure as an objective or a constraint (Bruyneel et al., 2008; Xia et al.,227
2011; Dunning et al., 2016). A practical way to address this issue is to include228
the information of multiple modes into the optimization formulation. This is229
important, because an optimizer can only make decisions on how to update230
the design from the information supplied. Hence, Eq. (26) is upgraded as231
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follows:232
Maximize: λ1 (27)
subject to: (K− λKg)v = 0
Ku = F T
λj > λj−1, j = 2, · · · , n
−90◦ ≤ θ(ϕ) ≤ 90◦
3.1. Gradient based level set optimization233
Since the signed distance function is used to define the fibre path, the level
set method is an ideal choice to optimize it. The level-set structural topology
optimization technique in (Dunning and Kim, 2015; Townsend et al., 2018)
is adopted as the basis for the development, and a brief description is given
first. A structure is represented by a signed distance field, and the structural
boundaries are defined by a given iso-contour, usually the zero-value contour.
The design optimization process aims to iteratively move the boundaries,
with the direction and extent of travel driven by the sensitivities of objective
function and constraints with respect to design variables. Mathematically,
it is to iteratively solve the following Hamilton-Jacobi equation (Osher and
Fedkiw, 2003):
∂ϕ
∂t
(x, t) + Vn|∇ϕ (x, t) | = 0 (28)
with Vn denoting the normal velocity of the boundary, and t a fictitious
time. Numerically, the level set function is updated using the up-wind dif-
ferentiation method (Osher and Fedkiw, 2003). In the discretized form, it is
expressed as,
ϕk+1j = ϕ
k
j −∆t|∇ϕkj |Vn,j, (29)
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where k is the iteration number, j is a discrete point in the design domain,234
Vn,j is the normal velocity at the point i, and ∆t is the time step. It should be235
noted that the size of the time step is limited by the Courant-Freidrichs-Lewy236
stability condition, which limits the change in the boundary.237
For our problem, although it does not have boundaries in fibre paths,238
a pseudo boundary for zero-value level set is defined. Corresponding fibres239
are named as the primary fibres. Hence, the principle of the level set struc-240
tural topology optimization can be applied to solve the problem in Eq. (27).241
Setting this problem within a gradient-based scheme, the optimization for-242
mulations are linearized about the design variables at each kth iteration as,243
Maximize
βk
∂λ1
∂ϕk
·∆ϕk =
∫
Γ
sf (x)Zn (x) dΓ ≈ Cf ·Zn (30)
subject to: (K− λ1Kg)v = 0
Ku = F T
∂λj
∂ϕk
·∆ϕk =
∫
Γ
sg,j(x)Zn(x)dΓ ≈ Cg,j ·Zn ≥ (λj−1 − λj), j = 2, · · · , n
Zminn ≤ Zn ≤ Zmaxn
−90◦ ≤ θ(ϕ) ≤ 90◦
where ∆ϕk is the update for the design domain ϕ at the k-th iteration, sf244
and sg,j are the sensitivities of the objective and the j-th constraint, Cf and245
Cg,j are the vectors of integral coefficients for the objective and the j-th246
constraint, and Zn is the vector of boundary movement distance equalling247
to ∆t · Vn and defined by Zn = βf · sf +
∑n
j=2 βj · sg,j, with β representing a248
vector of weights for each sensitivity function. The optimization problem is249
solved to find the optimal values of β. It can be seen that the sensitivities250
of the eigenvalue to the level set values, which will be described in details in251
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the next section, are key ingredients for updating the level set function as252
given in Eq. (29).253
Once the changes of primary fibre path is obtained, the whole level set
field can be updated by extrapolating the changes of boundary points to the
remainder of the field. It should be noted that the fibre paths are required
to be a signed distance field, and it is maintained by holding |∇ϕ| = 1
everywhere in the computational domain. It can be seen that the entire field
of ϕ is not free to change. At each design iteration, we herein use the fast
velocity extension algorithm (Adalsteinsson and Sethian, 1999) to propagate
the changes at boundary to the remainder of the field (see (Townsend et al.,
2018) for details),
∆ϕ =
[
∂ϕ
∂ϕb
]
∆ϕb (31)
This procedure enables to work directly with changes in ϕ. It is, therefore,254
different from the indirect way which extends the boundary point velocity to255
the remainder of the field. However, the fast velocity extension algorithm is256
only the first order accuracy, and we still need to reinitialize the level set filed257
with the use of the fast marching method (Adalsteinsson and Sethian, 1999)258
to numerically impose the |∇ϕ| = 1 property. It is noted that
[
∂ϕ
∂ϕb
]
can259
be completed at the same time as the fast marching. However, it should be260
noticed that the fast velocity extension calculation needs to be called repeat-261
edly depending on the number of boundary points. Hence, the computational262
cost for Eq.(31) can be significant if there are a large number of boundary263
points, although it may still much shorter than the cost at the structural264
analysis stage.265
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3.2. Sensitivity analysis266
With the relationship between θe and ϕ defined in Eq. (15), the sensitivity
of eigenvalue λ with respect to nodal level set value can be calculated by the
chain rule as:
∂λ
∂ϕi
=
ne∑
e=1
np∑
k=1
∂λ
∂θek
∂θek
∂ϕi
(32)
where NE is the number of elements that neighbour node i and
∂θek
∂ϕi
=
1√
1 + arctan θek
∂Ni
∂y
(∑nd
i=1 ϕi
∂Ni
∂x
)− ∂Ni
∂x
(∑nd
i=1 ϕi
∂Ni
∂y
)
(∑nd
i=1 ϕi
∂Ni
∂y
)2 (33)
Clearly, sensitivities ∂λ
∂θek
are required.267
The sensitivity analysis of the objective function, i.e., the eigenvalue,
can be carried out by the adjoint approach (Haftka and Gu¨rdal, 1991). By
introducing an adjoint variable, ω, an augmented function, L, for buckling
eigenvalue problem, can be constructed as:
L = tv (K− λKg)v + tω (KU − F T ) ≡ 0 (34)
Differentiating L with respect to the design variable, θek, then,268
∂L
∂θek
=
∂ tv
∂θek
(K− λKg)v + tv
(
∂K
∂θek
− ∂λ
∂θek
Kg − λdKg
dθek
)
v+ (35)
tv (K− λKg) ∂v
∂θek
+ tω
(
∂K
∂θek
U +K
∂U
∂θek
− ∂F T
∂θek
)
= 0
According to Eq. (12), the first and third terms of Eq. (35) are 0. Therefore,269
Eq. 35 simplifies to,270
∂L
∂θek
= tv
(
∂K
∂θek
− ∂λ
∂θek
Kg − λdKg
dθek
)
v + tω
(
∂K
∂θek
U +K
∂U
∂θek
− ∂F T
∂θek
)
= 0
21
The geometric stiffness matrix, Kg, defined in Eq. (21) is a function
of global displacement vector u and of the design variable θek. Thus, the
derivative of Kg with respect to design variables θek can be derived by the
chain-rule as,
dKg
dθek
=
∂Kg
∂θek
+
∂Kg
∂u
∂u
∂θek
(36)
The calculation of ∂u
∂θek
is very costly if the direct differentiation method
is used as angles for each layer in each element are design variables. The
same mathematical term is also found in tωK ∂U
∂θek
. In order to eliminate its
calculation by direct differentiation, values for the adjoint variable, ω, should
be found to satisfy the following adjoint equation,
− λ∂Kg,pq
∂up
vmvn + ωqKpq = 0 (37)
with vm and vn for the m- and n-th eigenvectors, and Eq. (37) can be
expressed in its matrix form as,
Kω = λ

tv ∂Kg
∂u1
v
...
tv ∂Kg
∂un
v
 (38)
By combining Eqs (36) and (38), the sensitivity of thermal buckling eigen-271
value is given as,272
∂λ
∂θek
=
tv ∂K
∂θek
v + tw
(
∂K
∂θek
U − ∂F T
∂θek
)
tvKgv
(39)
The term ∂K
∂θek
, describing the sensitivity of global stiffness matrix with respect
to design variable considered in Eq. (39) can be calculated at element level
as,
∂K
∂θek
=
ne∑
e=1
np∑
k=1
[
B
∂Lek
∂θek
DekLekB+BLekDek
∂Lek
∂θek
B
]
(40)
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Similarly, the sensitivity of thermomechanical loads with respect to design
variable ,∂F T
∂θek
, can also be determined at the element level as,
∂F T
∂θek
=
ne∑
e=1
np∑
k=1
[
B
∂Lek
∂θek
Dekα
]
(41)
The calculation of the sensitivity of the geometric stiffness matrix, ∂Kg
∂θek
, ex-
pressed as,
∂Kg
∂θek
=
ne∑
e=1
B
∂Se
∂θek
B (42)
requires the derivative of the stress vector S, as defined in Eq. (25), with
respect to the design variables, is given by,
∂Se
∂θek
=
 ∂Nx∂θek ∂Nxy∂θek
∂Nxy
∂θek
∂Ny
∂θek
 . (43)
The sensitivity of stress vector with respect to design variable can be ex-
pressed as,
∂σ
∂θek
=
∂Lek
∂θek
DekBeue (44)
Finally, the sensitivities of buckling eigenvalue with respect to design273
variables, ϕ can be calculated using the chain rule as given in Eq. (33).274
3.3. Optimization procedure275
The proposed computational approach has been written in C++, mak-
ing use of libraries MA57 (HSL, 2018) for the finite element component,
ARPACK (Lehoucq et al., 1998b) for the eigenvalue determination, and
IPOPT (interior point optimizer) to perform the optimization (Wa¨chter and
Biegler, 2006). A brief summary of the proposed approach is given as follows:
We begin by choosing an initial design and the accompanying ϕ field; fibre
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angles are then assigned to each plate element via Eqs. (1) or (15)and buck-
ling analysis is carried out; once complete, the sensitivity of the objective
and constraints are computed (details in Section 3.2), first with respect to
the physical fibre angle, then to the ϕ field, then to the boundary points via
Eq. (31); lastly, we employ IPOPT to select the optimal change in the ϕ
field, thus updating the design, and repeat the process until convergence. In
this way, the optimization problem is solved sequentially, with IPOPT used
to solve a linearized subproblem at each iteration. The convergence criterion
is that the relative change of the objective function of two consecutive iter-
ations is smaller than a tolerance, which can be expressed mathematically
as, ∣∣∣∣λk − λk−1λk
∣∣∣∣ ≤  (45)
where λk and λk−1 denote the objective values of k- and (k−1)-th iterations,276
respectively, and  is the tolerance, e.g. 10−3.277
4. Numerical examples278
In this section, the proposed method has been applied to design the tow279
paths to obtain enhanced buckling performances under the effects of thermal280
loads. Before undertaking the design optimization, validations for buckling281
analysis and sensitivity analysis have been carried out to demonstrate the282
accuracy of these two key elements in the numerical implementation. It is283
then followed by applying the proposed approach to a laminated composite284
plate under a thermal load combined with four boundaries conditions, illus-285
trating their effects on the design solutions. A further set of studies have286
been performed to investigate the performances of various materials with287
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differing thermal and mechanical properties.288
4.1. Model validation289
The accuracy of two key numerical implementations - the finite element290
and sensitivity analyses - are verified first. A square plate with length of291
a = 0.254mm is considered. It is made up of AS4 carbon fibres and a 3510-292
6 epoxy matrix with respective material elastic properties: E1 = 181GPa,293
E2 = 8.96GPa, ν12 = 0.3, ν23 = 0.28 and G13 = 7.2GPa, and coefficients294
of thermal expansion: α1 = 22.5 × 10−6/◦C and α2 = 2 × 10−6/◦C. The295
laminate has been discretized into a mesh of 40 by 40 elements. Four types296
of boundary conditions (see Table 1), including fully clamped (CCCC), sim-297
ply supported (SSSS), two edges clamped and the other two free (CFCF),298
two edges clamped and the other two simply supported (CSCS), have been299
investigated. The fibre paths are assumed to adopt circle shapes as shown in300
Fig. 2. For each boundary condition case, two types of layup with one for301
single ply and another with 12 plies have been considered. The thickness of302
each ply is 1.27 mm.303
Table 2 lists the first five buckling eigenvalues of the investigated VAT304
plates subjected to a uniform temperature increase of 1◦C. The results ob-305
tained using the in-house finite element implementation are compared with306
those from a commercial software, ANSYS. In ANSYS, the shell181 element,307
which is a four-node rectangular shell element and suitable for analyzing308
thin to moderately-thick shell structures, has been selected as the underly-309
ing theory is the same as the one used in the present study. Elemental fibre310
angles from Eq. (15) are imported into the finite element model in ANSYS.311
The comparisons show that the in-house code matches excellently with those312
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from ANSYS for all the 8 cases with combinations of boundary conditions313
and types of laminate.314
To verify the implementation of sensitivity calculation given in the ana-315
lytical expression for ∂λ
∂ϕi
, it is checked against central finite difference results.316
Fig. 3 shows the comparisons for the 12 layer laminated VAT plate investi-317
gated in the previous finite element analysis verification. As ∂λ
∂θek
in Eq. (39)318
is the key element for the calculation of ∂λ
∂ϕi
in Eq. (33), verification for ∂λ
∂θek
319
is also given in Fig. 3a alongside the comparison for ∂λ
∂ϕi
in Fig. 3b. For320
∂λ
∂θek
, the fibre angle for each element is treated as an independent variable.321
Fig. 3a illustrates that the sensitivities of eigenvalues for all 1600 elemental322
fibre angles are calculated accurately when compared with those from central323
finite difference approximations, with relative percentage differences (RPD)324
all around zero. The slight errors could be attributed to the strong nonlinear325
relation between eigenvalue and fibre angle. Similarly, Fig. 3b shows that the326
sensitivities with respect to the discretized zero value points are calculated327
accurately.328
4.2. Optimal designs of tow paths for composite laminates329
To illustrate the effectiveness of the proposed method, a single layer lam-330
inate is investigated first. It has the same material properties as the plate331
used in the previous section. The square plate with a length/width of 0.254332
m and a thickness of 1.27 mm has all edges clamped and is subjected to a uni-333
formly distributed temperature change. When using a straight fibre design,334
the optimal solution is with tow paths in the diagonal direction. Starting335
from the initial design based on the optimal design of straight fibres given in336
Fig. 4a, where the two primary fibres are chosen and placed at the y-intercept337
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of ±a/4, the approach proposed in this paper has been used to recommend338
the optimized design described in Fig. 4b. The tow paths are significantly339
changed from their initial forms of diagonal lines to curved shapes. Due340
to the symmetry of boundary conditions, the final design, and the critical341
eigenmodes in Fig. 5, clearly reflect these features. Under the given bound-342
ary conditions, a half wave eigenmode is developed. With benefits from the343
changing tow path, the optimized eigenmode developed to a more stable form344
compared with that obtained from the initial fibre layout. Fig. 6 depicts the345
iteration histories of the critical thermal buckling temperature. The opti-346
mization process, defined by the development of the critical thermal loading,347
is almost monotonic over a large part of the evolution of the fibre path de-348
scription. The objective function value, the critical buckling temperature,349
has risen substantially from 20◦ to 40.6 ◦. It is achieved after around 1700350
iterations. The convergence is slow comparing with the level set structural351
topology optimization. The main reason could arise from the small move-352
ment of the primary fibre path. Because the movement of the primary fibre353
path or virtual boundary leads to changes in the entire fibre path field, i.e.354
fibre angles for all elements. Hence, only a very small movement is allowed355
to ensure the objective function evolve smoothly. The slow convergence may356
also be attributed to the oscillation of the primary fibre path. It can be from357
the determination of the primary path in the level set mesh, which involves358
the uses of the marching squares method and the fast marching algorithm.359
To further reduce the slight oscillations in the convergence history curve, po-360
tential technical solutions may include using a higher resolution of the level361
set mesh or a suitable time step. In addition, a high-order fast marching al-362
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gorithm may be an alternative to solve the problem. By comparing the stress363
fields from the initial and final designs shown in Fig. 7, the enhancement364
of the buckling performance is achieved by releasing compressive stresses in365
the centre of the structure. In Fig. 7, the left panel gives the stress fields366
for the initial design, while the right panel for the final design. As seen in367
Fig. 4b, the in-plane stiffness terms have the same variation in both x- and368
y-directions and are a function of the coordinates. For example, the stress in369
x direction becomes more smooth in the optimized solution compared with370
its counterpart in the initial design as shown in Fig. 7. Although the whole371
structure is in compression, it has a clear trend that its magnitude reduces372
from the edge to the centre. The strain energy is hence significant reduced373
to have form a more stable status under the applied thermal load.374
All in-plane stiffness terms in this case are either a function of the x375
or the y panel coordinates, but not both. Even under applied uniform end376
shortening, u0, the in-plane stress and/or displacement distribution can be377
highly non-uniform resulting from the coupling of the in-plane equilibrium378
equations. In-plane analysis of a variable stiffness laminate is important not379
only because one has to determine the location of the largest stress in a lam-380
inate to implement a failure constraint (even if there are no stress intensifiers381
such as holes or notches, the non-uniformity of the stresses necessitates full-382
field stress analysis), but for imperfection-free flat panels the non-uniform383
in-plane stresses are the prebuckling stress distribution that will have a large384
influence on the buckling load of those panels.385
We now apply the proposed approach to the 12 ply laminate validated in386
the previous section. The laminate is designed to be symmetric and balanced.387
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A group of level set fibre paths is required to be found. For reference, two388
other designs have been considered. In the first case, the fibre paths are389
assumed to be straight. Hence, the optimization problem is simplified to the390
conventional ply stacking sequence optimization. As the laminate stacking391
sequence is expected to be balanced and symmetric, only one design variable392
is required for the optimization, i.e. ±θ6s. In the second case, a design based393
on one of the most popular fibre path functions, linear variation formula, has394
been considered. The linear formula is defined as θ = φ + T0 + (T1 − T0) |x′|d395
with T0 and T1 denoting the angles at two selected control points, such as396
the centre of plate and the edge, d for the distance between the two points,397
φ for the moving direction, and x′ = x cos(φ) + y sin(φ). Three parameters398
φ, T0 and T1 are thus required to define a tow path. Again, for a symmetric399
and balanced plate, the optimization problem is defined by φ± < T0|T1 >6s,400
a set of three optimal values for φ, T0 and T1, respectively needs to be found.401
The readers are referred to Gu¨rdal et al. (2008) for more details.402
Tow paths, defined as straight, linearly varying, or curved (present pro-403
posal) have been found for the laminate under four different boundary con-404
ditions. Results are given in Table 3. For the straight fibre case, the optimal405
angle is found by simply calculating eigenvalues when varying the angle, θ,406
from -90◦ to 90◦. Optimal angles have been found to be around 45◦ as listed407
in the table, and the critical thermal buckling temperatures are about 80.408
These results are then used to be the initial design for parameters in the409
linear variation formula. Fibre layouts defined using curved fibre paths have410
been found to provide better designs than the straight ones as indicated by411
the relative magnitudes of the critical thermal buckling temperatures. Using412
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the linear variation formula, the buckling performance significantly improved.413
For example, the critical thermal temperature has increased from 76.9◦ to414
98.3◦ for the fully-clamped boundary condition CCCC, corresponding to a415
benefit of around 28%. Similarly, solutions from the initial design given in416
Fig. 8 with the diagonal line are obtained from the present method. Fig.417
8. The advantage of using the proposed method can be seen through the418
improvement of buckling performance. For instance, the critical thermal419
temperature has increased from 98.3◦ to 118◦ for the boundary condition of420
CCCC, which is a further increment of around 20%. The optimized designs421
from the proposed approach are given in Fig. 9 for the four different bound-422
ary conditions. Although the shapes of fibre paths are similar, the thermal423
buckling temperatures are significantly different, highlighting the expecta-424
tion that the boundary conditions are critical factors in thermal buckling425
analysis and performance.426
4.3. Materials427
In this section the influence of the choice of composite materials in re-428
lation to achievable performance gains have been investigated. The designs429
of the tow paths for four types of composites are considered, with the aim430
of demonstrating the capability of the proposed method in enhancing the431
predicted thermal buckling performance.The suite of composite materials in-432
clude Boron/Epoxy, E-Glass/Epoxy, Kelvar/Epoxy, and Carbon/Polymide,433
with material properties given in Table 4 from (Duran et al., 2015). The434
same size of plate is considered, along with the four types of boundary con-435
ditions previously considered. Design solutions from the proposed method436
are compared with those with a prescribed design comprising straight fibres437
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with angle of ±45◦. The results are summarized in Table 5. The critical438
thermal buckling temperatures from the proposed method are listed, along439
with their corresponding percentage relative differences against those from440
the straight fibre design. The variable angle tow designs consistently provide441
higher critical thermal buckling temperatures. For example, a theoretical442
buckling temperature of more than 3 times that achieved with the basic de-443
sign have been predicted by tailoring tow paths for the Carbon/Polyimide444
composite under the boundary conditions of CSCS. Amongst the four mate-445
rials, Carbon/Polyimide, provides the highest resistance to thermal buckling.446
As anticipated, negative thermal expansion ratios give a higher resistance to447
thermal buckling, while positive values of this ratio produce lower critical448
buckling temperatures.449
5. Conclusions450
Amongst many studies on buckling optimization for variable angle tow451
composites, the majority of them focus on buckling induced by mechanical452
loads, whilst thermal buckling optimization is less exploited. In addition,453
most of the existing fibre path optimization techniques provide design so-454
lutions with overlap or gap in the fibre tows. This study aimed to explore455
this problem and address the challenges. Here, fibre paths are implicitly456
described by signed distance fields, producing equidistant fibre tows, intrin-457
sically negating the overlap or gap issues. The level-set method, adopted458
from the topology optimization field, is used to control the evolution of the459
fibre paths during the solution of the optimization problem. Sensitivities of460
thermal buckling eigenvalues with respect to fibre paths are derived through461
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the adjoint technique. IPOPT has been used to solve the non-monotonic462
optimization problems involving thermomechanical effects and buckling.463
Numerical examples are presented to illustrate the effectiveness of the464
proposed method, where laminated plates made of various materials under465
different boundary conditions are considered. Validations have been con-466
ducted first to ensure the correctness of the implementations for buckling467
analysis and sensitivity analysis. Detailed studies to illustrate the proposed468
method have been presented through fibre tow path designs for laminates.469
In addition, the thermal buckling optimization procedure has also been ap-470
plied to laminates from alternative fibre/resin combinations. These numerical471
studies show that the proposed approach can provide efficient solutions in472
terms of the enhancement buckling performance. It can be a useful addi-473
tion to the design of VAT composite plates in the thermal environment, in474
particular, in providing optimized gap/overlap free solutions.475
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Table 1: Details of boundary conditions for laminated plates
Edges SSSS CCCC CSCS CFCF
x = 0, a
v = w = 0 u = v = w = 0 u = v = w = 0 u = v = w = 0
θx = 0 θx = θy = 0 θx = θy = 0 θx = θy = 0
y = 0, b
u = w = 0 u = v = w = 0 u = w = 0 -
θy = 0 θx = θy = 0 - -
Table 2: Comparisons of buckling eigenvalues obtained from the present study and ANSYS
Layup Mode
SSSS CCCC CFCF CSCS
ANSYS present ANSYS present ANSYS present ANSYS present
Single
1 0.2113 0.2115 0.2048 0.2050 0.2153 0.2150 0.2363 0.2359
2 0.2435 0.2437 0.2459 0.2462 0.2569 0.2565 0.2636 0.2636
3 0.2435 0.2437 0.2460 0.2462 0.2620 0.2619 0.3045 0.3036
4 0.4396 0.4398 0.4328 0.4333 0.4378 0.4386 0.4783 0.4782
5 0.4461 0.4462 0.4873 0.4880 0.4620 0.4640 0.5190 0.5191
12-layer
1 40.99 41.07 45.35 45.49 57.49 57.48 46.51 46.38
2 56.09 56.20 66.99 67.25 58.60 58.50 64.21 64.12
3 91.99 92.20 67.04 67.25 87.50 87.16 84.49 84.02
4 96.61 96.85 114.07 114.58 103.78 103.23 109.68 109.67
5 112.05 112.36 143.29 144.00 144.58 143.57 128.77 128.96
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Table 3: Critical buckling temperatures for designs from various methods
Method CCCC SSSS CFCF CSCS
Straight
θ 45 45 45 40
Tcr 76.9 85.3 76.9 151.4
Linear φ± < T0|T1 > 0± < 60◦|5◦ > 0± < 60◦|0◦ > 0± < 50◦|5◦ > 0± < 50◦|10◦ >
variation Tcr 98.3 203.9 273.7 382
Proposed Tcr 118 280 375.1 451
Table 4: Material properties
Material
E1 E2 G12 ν12 ν23 α1 α2
(GPa) (GPa) (GPa) (×10−6/◦C) (×10−6/◦C)
Boron/Epoxy 201 21.7 5.4 0.17 0.4 6.1 30
E-Glass/Epoxy 41 10.04 4.3 0.28 0.4 7.0 26
Kevlar/Epoxy 80 5.5 2.2 0.34 0.4 -2.0 60
Carbon/Polyimide 216 5.0 4.5 0.25 0.4 0.0 25
Table 5: Critical buckling temperatures for designs with different materials
Material
CCCC SSSS CFCF CSCS
Tcr ∆[±45◦]s% Tcr ∆[±45◦]s% Tcr ∆[±45◦]s% Tcr ∆[±45◦]s%
Boron/Epoxy 18.4 +13.2 33.9 +15.3 35.1 +17.1 56.1 +25.5
E-Glass/Epoxy 13.3 +10.6 18.7 +12.7 15.7 +10.7 22.5 +16.5
Kevlar/Epoxy 69.1 +36.8 84.8 +42.6 103.4 +41.6 208.2 +65.4
Carbon/Polyimide 253.5 +164.6 729.3 +186.9 477.3 +198.3 925.5 +307.4
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Figure 1: Configuration of a VAT composite laminate.
46
(a) Fibre path (b) Fibres in an element
(c) Discretization
Figure 2: Discretization of the variable angle tow composite laminate.
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(a) Angle, θ
(b) Level set value, φ
Figure 3: Sensitivity check through comparing with values calculated by the finite differ-
ence method.
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(a) Initial design
(b) Final design
Figure 4: Initial and final designs for the example of single layer laminate under the
boundary condition of CCCC.
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(a) Initial design (b) Final design
Figure 5: Eigenmodes for the initial and final designs of the single layer laminate under
the boundary condition of CCCC.
Figure 6: The iteration history of the critical buckling temperature for the single layer
laminate under the boundary condition of CCCC.
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Figure 7: Stress fields for the initial and final designs of the single layer laminate under
the boundary condition of CCCC.
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Figure 8: Initial design for the multilayer laminate.
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(c) CSCS (d) CFCF
Figure 9: Final designs for the multilayer laminate subjected to the four different boundary
conditions.
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